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Answer any five, each question carries 6 marks, total marks: 30

1. (a) Suppose a group G acts on a set X. For x, y ∈ X, prove that Gx = Gy or
Gx ∩Gy = ∅ and X is a disjoint union of orbits.

(b) State and prove Lagrange’s Theorem (Marks: 4).

2. (a) Prove that any group of order n is isomorphic to a subgroup of GLn(R).
(b) Prove normal subgroups of order 2 are contained in the center (Marks: 2).

3. State and prove orbit-stablizer theorem and first Sylow theorem.

4. (a) Prove that any subgroup H of a finite group G with o(H) = pk (k > 0) is
contained in a Sylow p-subgroup of G (Marks: 4).

(b) Prove that any finite abelian group is a product of its Sylow subgroups.

5. (a) If σ and τ are permutations which act on disjoint set of indices. Prove that
στ = τσ.

(b) Prove that nontrivial permutations can be uniquely expressed as a product
of cyclic permutations which act on disjoint sets of indices (Marks: 3).

6. (a) Find Z(σ) where σ = (1, 2, · · · , r) ∈ Sn. (Marks: 3).

(b) Find {σ(1, 2, 3)σ−1 | σ ∈ An} for n ≥ 5.

7. (a) Prove Q can’t be written as a product of its proper subgroups (Marks: 3).

(b) Describe the center of A⋉ϕ B.
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